I review rare kaon decays. I introduce the flavor problem and possible solutions. Very rare kaon decays like K → πνν are very important to this purpose but also K → πl + l − . A new interesting channel is K → ππee. Chiral dynamics is important to disentangle short distance effects. We discuss also the decays K 0 → µ + µ − , which have received recently some attention due to the measurement by LHCB.therefore we will study also K L → π 0 e + e − , K + → π + π 0 γ, K + → π + π 0 e + e − and related channels
Introduction
I am honoured to give a discussion on rare kaon decays in Nagoya University where many footprints of the Standard Model have been left has also by Kobayashi's talk; indeed a good start of the flavour story would start discussing Cabibbo and Kobayashi-Maskawa's papers (see Kobayashi's talk and [1] ), GIM paper but also, according to me, Gaillard-Lee's [2] and Inami Lin papers [3] : with the first paper uses the two family SM to compute rare kaon decays basically computing with phenomenological meson models, i.e. pre-CHPT, and neglecting strong interaction effects in short distance diagrams; the second paper adds the third family and this oblige to study an interesting and important limit m t heavy A systematic approach to evaluate the relevant QCD correction in the OPE expansion has been successful developed by Buras and collaborators [4] QCD correction program (see for instance refs in [5] ) and phenomenological determination of the CKM parameters have married nicely for instance to determine that New Physics (NP) corrections to the ∆F = 2 GIM formula for
are very constrained; here Inami -Lin functions have been written as polynomials and retained only the leading term, then QCD can be applied and then one Flavour physics is also important to address properly extensions of the SM; generic new flavor structures are strongly constrained pushing the new physics scale to a very large value (∼ 100 TeV) creating tension with naturalness. An interesting global symmetry, minimal flavour violation (MFV), was introduced to avoid large FCNC; the SM lagrangian has an interesting symmetry in the limit that all the fermionic sector is massless: defining Q's, U 's and D's, the left-handed doublets, right-handed up singlets and right-handed down singlets, the global symmetry ,
This global symmetry is broken by the mass terms, i.e. the Yukawas. These Yukawas must be the only sources of the flavour group, G F , breaking so that then the effective FCNC hamiltonian is
One then requires that New Physics does not add any new flavour structures: NP have the same SM flavor breaking, i.e. the Yukawas leading to an effective hamiltonian proportional to eq.(1.2). This effective approach to flavour physics beyond the Standard Model is the so called minimal flavor violation (MFV) [7, 8, 9, 10] .
THE ULTRA-RARE DECAY
Rare kaon decays furnish challenging MFV probes and will severely constrain additional flavor physics motivated by NP. SM predicts the V − A ⊗V − A effective hamiltonian [12] . SU (2) isospin symmetry relates hadronic matrix elements for K → πνν to K → πlν to a very good precision [16] while long distance contributions and QCD corrections are under control [12] and the main uncertainties is due to the strong corrections in the charm loop contribution. The structure in (2.1) leads to a pure CP violating contribution to K L → π 0 νν, induced only from the top loop contribution and thus proportional to ℑm(λ t ) (λ t = V * ts V td ) and free of hadronic uncertainties. This leads to the prediction [12] B(
where the first is the parametric uncertainty due to the error on |V cb |, ρ and η, f K , and the second error summarises the theoretical uncertainties on non-perturbative physics and QCD higher order terms.
It is also possible to be more explicit on the CKM-dependence, by using the central PDG value for and then writing [13] 
K ± → π ± νν receives CP conserving contributions proportional to ℜe(λ c ), and to ℜe(λ t ) and a CP violating one proportional to ℑm(λ t ). E949 Collaboration [17] and E391a Collaboration [18] have then measured
The direct upper bound for the neutral decay can be improved with a theoretical analysis: the isospin structure of any sd operator (bilinear in the quark fields) leads to the model independent relation among A(K L → π 0 νν) and A(K ± → π ± νν) [19] ; this leads to
The upcoming KOTO experiment [16, 20] for
encourage theoretical investigations of extensions of the SM: these experiments probe deeply to the MFV scale [10] . More aggressive NP models can furnish substantial enhancements and be either discovered or ruled out [12, 22 
The electroweak short distance contribution to K L → π 0 e + e − , analogously to K L → π 0 νν, violates directly CP violation; however there is long distance contamination due to electromagnetic interactions: i) a negligible
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Giancarlo D'Ambrosio CP conserving contribution due to two-photon exchange, (from the measured K L → π 0 γγ-spectrum B(K L → π 0 e + e − ) γγ < 5 · 10 −13 at 90% CL) and ii) an indirect CP violating contribution mediated by one photon exchange, i.e. the contribution suppressed by ε in K L ∼ K 2 + εK 1 → π 0 e + e − determined by the CP conserving A(K S → π 0 e + e − ) [23, 24] .
The CP-conserving decays K ± (K S ) → π 0 ℓ + ℓ − are dominated by the long-distance process K → πγ * → πℓ + ℓ − [24] . Our ignorance in the long distance dominated A(K S → π 0 l + l − ) can be parametrized by one parameter a S to be determined experimentally. NA48, finds in the electron |a S | ee = 1.06 The first term is the indirect CP violating contribution while the last term is the direct CP violating contribution; the second one is the interference, expected constructive. This allows a stronger signal [23] . This prediction is not far from the the present bound from KTeV [25] ,
which also sets the interesting limit B( Recently a related channel, K + → π + γγ, has attracted attention: new measurements of this decay have been performed using minimum bias data sets collected during a 3-day special NA48/2 run in 2004 with 60 GeV K ± beams, and a 3-month NA62 run in 2007 with 74 GeV/c K ± beams [21] .
This channel starts at O(p 4 ), with pion (and kaon) loops and a local termĉ. Due to the presence of the pion pole, there is a new helicity amplitude, C [24] ; the unitarity contributions at O(p 6 ) in Fig.1 enhance the amplitude A by 30%-40% , along with the generation of a B-type amplitude [26] ; as a result the differential decay rate is
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with k f is the factorization factor in the factorization model (FM) model [27] . BNL 787 got 31 events leading to B(K + → π + γγ) ∼ (6±1.6)·10 −7 and a value ofĉ = 1.8±0.6 [25] . New measurements of this decay have been performed using data collected during a 3-day special NA48 
K → ππγ and K → ππee-decays
CP violation has been also studied in the K → ππγ and K → ππee decays. According to gauge and Lorentz invariance we decompose K(p) → π(p 1 )π(p 2 )γ(q) decays, in electric (E) and magnetic (M) amplitudes [30] . Particularly interesting are the recent interesting NA48/2 data regarding K + → π + π 0 γ decays [31] . Due to the ∆I = 3/2 suppression of the bremsstrahlung, interference between E B and the electric dipole (E1) and magnetic transitions can be measured. Defining
we can study the deviation from bremsstrahlung
where A = A(K + → π + π 0 ). Study of the Dalitz plot has lead NA48 to the results [31] Table 3 NA48/2
Also the interesting CP bound was obtained [31] :
We have studied the decay K ± → π ± π 0 e + e − , dominated by long distance through one photon exchange in Fig. 3 . We computed the large long distance contributions and the relatively small short distance ones in Ref. [32, 33] , see in Fig.5 the size of the different LD contributions. Relatively to the K ± → π ± π 0 γ the possibility to go kinematically at large q 2 opens the possibility to beat the bremsstrahlung (Fig.5) : at large dilepton invariant mass the bremsstrahlung can be even 100 time smaller than the magnetic contribution, however at the price of decreasing the statistics. The further advantage is that at each q 2 we can measure the different Dalitz plot, as we can see in Fig.  4 , obtained at q 2 = 50 MeV. Also several short distance observables (Fig.6) can be measured by appropriate kinematical analyses [32, 33] . The big news is that NA62 has reported a measurement
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Giancarlo D'Ambrosio of this branching, the experiment selects 3 reconstructed tracks coming from one decay vertex, then Particle ID for e ± /π ± separation, then two reconstructed γ clusters compatible with π 0 mass [34] The number of K ± decays (kaon flux) is measured by using the reference channel K ± → π ± π 0 (γ): 1860 genuineK + → π + π 0 e + e − events are selected after background subtraction or a branching ratio (4.06 ± 0.10 stat. ± 0.06 syst. ± 0.13 ext. ) × 10 −6 the external error comes from Dalitz decays π 0 → e + e − γ A good way to detect short distance physics in K L,S → π + π − l + l − or K ± → π ± π 0 l + l − is to measure the interference with axial leptonic current (see refs. in [32] ): various diplane angular
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K S,L
Recent LHCB limit on K S → µ µ [25] in the table is close to test interesting New Physics (NP) models [35] . A high precision measurement can test the short distance (SD) SM but it requires to improve the long distance (LD) prediction [35, 36, 37] with auxiliary channels [38] . K L → µ µ: the small ratio SD/LD ∼ 1 30 may obscure an experimental improvement on the rate [35] . The situation would be a bit ameliorated if the sign for theoretical unknown sign of A(K L → γγ) would be known.
This ambiguity, unknown sign of A(K L → γγ), could come from the experimental study of Tables 1 and 2 , Figs.7. As shown in table these channels are at reach in a high intensity machine and they may also give LD distance info needed for a better control of K L → µ µ. These four body decays have also a peculiar feature, similarly to K S,L → π + π − e + e − , the two different helicity amplitudes interfere; then one can measure the sign K L →→ γ * γ * → l + l − l + l − by studying the time interference K S K L which it has a decay length 2Γ S [38] .
Conclusions
We are looking forward to the upcoming K L → π 0 νν KOTO [16, 20] and K + → π + νν [21] NA62 experiments probing deeply the flavour structure of the SM. We have also shown that there are other decay modes like K L → π 0 e + e − , K + → π + γγ and K + → π + π 0 e + e − which are very
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Rare kaon decay: challenges and perspectives Giancarlo D'Ambrosio I would like also to mention CPT tests in kaon decays [39] through Bell-Steinberger relations, recently updated in [25] ; these leads to best CPT limit and an accurate determination of the CP violating parameter ε.
